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ABSTRACT 

We study the lowest dimensional typical and atypical representations of SU(5/3) 
superalgebra as a possible unified gauge theory having a natural SU(5) subalgebra 
with SU(3) extra structure, which will be used to accommodate three generations 
of fundamental particles. By using Kac-Dynkin weight techniques, we find that all 
known quarks and leptons can be really accommodated in one atypical irreducible 
representation of SU(5/3). 
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1 Introduction 



There is no doubt about the Standard Model [1, 2] with gauge group (or Lie algebra) 
SU(3)c ® SU(2)w (g) U(1)y- However, the theory contains many unexplained patterns 
and free parameters so one tries to find a simpler model by fitting the data of the 
Standard Model into a larger symmetry. The simplest model including one generation 
of fundamental particles is a grand unified theory(GUT) based upon the Lie algebra 
SU(5) which is proposed by Georgi and Glashow [3]. Even though the SU(5) GUT 
model shows many promising features, it unified the Standard Model only partly. For 
instance all known fundamental fermions cannot be contained in a single irreducible 
representation (irrep) of SU(5). Other models, for example SO(IO) [4] or E6 [5], con- 
taining SU(5) as a subalgebra were proposed [6]. Such GUTs also had a problem in 
the proton decay that was predicted in the SU(5) model but not be confirmed by 
experiments. 

From then particle physics has searched supersymmetric theories such as supergrav- 
ities, superstrings, M and F theories. There have been many efforts to find suitable 
superalgebras which describe these supersymmetric theories [7, 8, 9]. Supersymmetric 
extensions of Poincare algebra in arbitrary dimensional space-time were reviewed, and 
their representations(reps) for the supermultiplets of all known supergravity theories 
were extensively searched by Strathdee [10, 11]. Moreover, Mand F theories [12] have 
been also tackled from the point of view of the general properties of the superalgebra 
[13]. Kac proposed possible connections to the supersymmetric Standard Model with 
the reps of two exceptional superalgebras E(3/6) and E(3/8) that have the maximal 
compact subgroup SU(3) (8) SU(2) (g) U(l) [14]. Recently, Javis suggested polynomial 
deformations of Lie superalgebras and their reps, where the supermultiplets do not 
have any superpartners [15]. 

On the other hand, a new unification in terms of the Lie superalgebra SU(l/5) 
has been given [16, 17], and Stoilova and Jeugt showed some elegant features of the 
supersymmetric SU(5) GUT model [18]. Since the Lie superalgebra SU(l/5) has U(l)(8) 
SU(3)c (S) SU(2)„ U(1)y as a subalgebra, it essentially contains the Lie algebra of the 
Standard Model. All the fundamental fermions of a single generation (so all leptons 
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and quarks of left and right chirality and their antiparticles) are inside one single irrep 

of SU(l/5). The first U(l) in the subalgebra level could be considered as a tool of 
distinguishing between the different generations with same irreps of U(l) ® SU(3)c ® 
SU(2)„®U(1)y. 

In this paper, we study typical and atypical representations of SU(5/n) superal- 
gebra as a possible unified gauge theory having a natural SU(5) subalgebra structure 
with SU(n) extra one, which will be used to accommodate of fundamental particles. 
We show that the three generations of quarks and leptons are in one atypical irrep of 
SU(5/3) superalgebra by using Kac-Dynkin weight techniques. In Sec. 2, the mathe- 
matical structure of the SU(5/n) superalgebra is given. In Sec. 3, we briefly recapitu- 
late the previous work [18] of the SU(5/1) unification in terms of Kac-Dynkin weight 
techniques. In Sec. 4, we investigate one irrep for the unification of three generations 
by using the SU(5/3) superalgebra, which will be shown the lowest one among SU(5/n) 
superalgebras. Here, by analyzing a branching pattern SU(5/1)(8) SU(2) C SU(5/3), we 
explicitly show that all known three generations of fundamental particles could be iden- 
tified in just one irrep of the highest-highest weight (0 0, 1, 0) = (136b ® 136f) 
of SU(5/3). The last section contains conclusion. 

2 Mathematical Structures of SU(5/n) Superalge- 
bra 

The Kac-Dynkin diagram of SU(5/n) Lie superalgebra is 

Ol 02 O3 O4 O5 Og • • • o„+4 

O— O— O— O— (g)— O- ••• —O (1) 

where the set (oi 02 • • • o„+4) determines the highest-highest weight vector of an irrep 
of SU(5/n) [7, 8, 9, 19]. Each weight component Oj for i 7^ 5 of the highest- highest 
weight vector should be a nonnegative integer, while 05 could be any complex number. 
The first four white nodes corresponding (oi, 02, 03, 04) and the n — 1 white nodes for 
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{gq, • • • , an+4) denote SU(5) and SU(rz) bosonic subalgebra, respectively, and the fifth 
node for the component is responsible to supersymmetric generators. The graded 
Cartan matrix for SU(5/n) is 
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(2) 



Note that each positive/negative simple even root af{i — 1, • • • ,n + 4,i 7^ 5) corre- 
sponds to the i-th column of the graded Cartan matrix, while the positive/negative 
simple odd root corresponds to the 5-th column of the matrix. Other odd roots 
are obtained by 

Pl'^-io^t, i = 2, 3, 4, (3) 

and 



/3|i = [/3f,af], j = 5, 6,---, n + 4. (4) 

In general, the irreps of SU(m/n) are divided into two types, which are typical and 
atypical [7, 9]. All atypical irreps of SU(5/n) are characterized by the fifth component 
05 of the highest-highest weight. The atypicality condition of SU(5/n) is given by 

j 4 

«5 = X! - ^a^: - 10 + i + j, 1 < i < 5, 5 < j < n - 1. (5) 

fe=6 k=i 

The typical irreps of SU(5/n) consist of 5n -|- 1 floors, and have equal bosonic and 
fermionic degrees of freedom. An atypical irrep is obtained by terminating some odd 
root strings in a full weight system when 05 satisfies the relation in Eq. (5) for specific 
i's and j's. 



4 



The lowest dimensional typical rep of SU(5/n) is (0 0, 05, ■ • • 0) = 2|""^ © 2|."- 
for 05 7^ n — 1, ■ ■ ■ , 2, 1, 0, —1, —2, —3, —4, where the subscripts B and F denote bosons 
and fermions respectively, such as 



gnd > (0 0, as, ■ ■ • 0) 

1st > (0 1, as, 1 • • • 0) 

2nd > (0 1 0, as + 1, 2 • • • 0) (0 2, ag - 1, 1 ■ • • 0) 

//5f- ^f3t \Pt 

3rd > (0 1 0, as + 2, 3 ■ ■ ■ 0) (0 11, as, 110 ■ ■ • 0) (0 3, ag - 2, 1 ■ ■ ■ 0) 



(5n-l)-th > (1 0, as - n + 5, • • • 1) 

5n-th > (0 0, as - n + 5, • • • 0) 

(6) 

The even and odd floors alternate between fermions and bosons by the successive 
actions of odd roots. 

If one take the value as to satisfy the atypical condition, then the corresponding 
odd root strings are terminated from the typical irrep in Eq. (6), hence the the weight 
system (0 0, a^, ■ ■ ■ 0) should be separated in several atypical irreps. 

The fundamental rep of SU(5/n) is (1 ■ ■ ■ 0) which has the substructure of (5 © n) 
in SU(5)(8) SU(n) U(l) bosonic subalgebra basis as follows: 

|gnd> (1 0, 0, OO--- 0) = (5,1)„ 
I 1st > (0 0, 1, 1 O--- 0) = (1,11)5, 



where the subscripts denote U(l) values corresponding the weight component a^. The 
U(l) supercharge generator is Diag{n,n,n,n,n,5, ■ • • , 5 ) to satisfy the supertraceless 

n 

condition. 

The complex conjugation of the fundamental rep of SU(5/n) forn > 2 is (0 • • • 01) = 

(n* © 5*) such as 



gnd> (0 0, 0, ••• 1) = (l,n*)_5 
1st > (0 1,-1, ••• 0) = (5*,1)_„ 



The Eq. (8) reduces to (0 0, - 1) for the case SU(5/1): 



(8) 



gnd> (0 0,-1) = 1_5 
lst> (0 1,-1) = 5*_i. 



(9) 



Like an usual algebra SU(5 + n) the superalgebra SU(5/n), where n 7^ 5, has 
(5 + ny — 1 roots which consists of even roots for the subalgebras SU(5), SU(n) and 
U(l) plus lOn odd roots. The even and odd roots are in the adjoint rep (10 • • • 1) 
such as 

I gnd > (1 0, 0, • • • 1) = 

I 1st > (1 1,-1, ■■■ 0) = SU(5) 

(0 0, 0, ••■ 0) = U(l) (10) 
(0 0. L 1 ■■■ 1) = SU(n) 

I 2nd > (0 1, 1, 1 • • • 0) = 



Note that Eq. (10) becomes (1 0, -1) and (1 0, 0, 1) for SU(5/1) and SU(5/2), 
respectively as following 



gnd > 


(1 0, 


-1) 


= Pt 


1 1st > 


(10 1, 


-1) 


= SU(5) 




(0 0, 


0) 


= U(l) 


1 2nd > 


(0 1, 


0) 





(11) 
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gnd > 



2nd > 



1st > 



(0 1, 1, 1) 



(1 0, 0, 1) 



(10 1,-1, 0) 
(0 0, 0, 0) 
(0 0, 1, 2) 




(12) 



3 Typical and Atypical Representations of SU(5/1) 

The lowest dimensional typical irrep of SU(5/1) is (0 0, 05) with 05 7^ —4, —3, —2, —1, 
such as 



1 gnd > 


(0 0, as) = 


1 








1 1st > 


(0 1, as) = 


5* 








1 2nd > 


(0 1 0, as + 1) = 


10* 








1 3rd > 


(0 1 0, as + 2) = 


10 








1 4th > 


(1 0, as + 3) = 


5 








1 5th > 


(0 0, as + 4) = 


1. 



Prom the weight system (0 0, as) one can make singlet (0 0, 0) by taking 
as = 0. In this case a positive/negative odd root must be destroyed in Eq. (13). 
Notice that the other five floors make another atypical rep (0 1, 0). Indeed, the 
Eq. (13) is separated into two independent atypical irreps by removing one of the 
positive/negative odd roots /Ss^'^'s by using the atypical condition in Eq. (5). We get 
two independent atypical reps, where the first one is starting from the ground floor 
and another one composed by remaining floors such as 
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as = : 


(0 0, 


0) 6 


D (0 1, 0) 


as = -1 : 


(0 0, 


-1) 9 


D (0 1 0, 0) 


as = -2 : 


(0 0, 


-2) e 


B (0 1 0, 0) 


as = -3 : 


(0 0, 


-3) 6 


B (1 0, 0) 


as = -4 : 


(0 0, 


-4) G 


B (0 0, 0) 



(14) 



Recently, Stoilova and Jeugt had shown that the fundamental fermions fit inside just 
one irrep of SU(1/5)[18]. Here we briefly reconstruct the theory in terms of SU(5/1) 
superalgebra. 

The typical irrep (0 0, as) has substructures that are relevant to the supersym- 
metric extension of SU(5) model. Since the rep contains fermionic and bosonic parts 
simultaneously, the odd floors [5* ® 10 ® 1] contain the original fermions, while the 
even floors [1 © 10* ® 5] could be identifled with the superpartners. 

We obtain the branching rule such as 



SU(5/1) SU(5)0U(1) SUe(3) SU^(2) Uy(l) 



gnd > 


(0 0, 




(0 0)s„, 


(0 0)(0)o 


1 1st > 


(0 1, 


05) 


(0 l)s„5+4 


(0 0)(l)i/2 
(0 l)(0)-l/3 


1 2nd > 


(0 10, 


05 + 1) 


(0 1 0)s„,+8 


(0 0)(0)i 

(0 l)(l)l/6 
(1 0)(0)_2/3 


1 3rd > 


(0 10 0, 


as + 2) 


(0 1 0)sa5+12 


(0 l)(0)2/3 
(1 0)(l)-l/6 

(0 0)(0)_i 


1 4th > 


(1 0, 


as + 3) 


(1 0)s„5+i6 


(1 0)(0)i/3 
(0 0)(l)-l/2 


1 5th > 


(0 0, 


05 + 4) 


(0 0)s„,+2o 


(0 0)(0)o 



Note that an atypical rep (0 0, —4) of SU(5/1) exactly accommodates well known 
one generation [5* © 10] of SU(5) by decoupling the singlet fermion at the fifth fioor 
in Eq. (13) which is included in the SO(IO) model, while (0 1, 0) which is complex 



8 



conjugation of (0 0, —4) contain [5* © 10 © 1] as fermionic states. Another atypical 
rep (0 0, — 3) also contain [5* © 10] but ends at the third floor. 

Wc find an atypical rep (0 0, 1, 0) = (56b © 56f) of SU(5/2) contains 
(0 0, 1), which is typical, and (0 1, 0), which is atypical irrep of SU(5/1) 
simultaneously, such as 

(0 0,1,0) ^ (0 0, 1)5 ©(0 1, 0)8 ©(0010, 0)ii , . 

©(0 1 0, 0)14 © (1 0, 0)17 © (0 0, 0)20. ^ ^ 



As gauge bosons are identified with the adjoint rep (1 1) of SU(5) model, we 
introduce the adjoint rep (1 0, — 1) of SU(5/1)[18]. The branching rule is 





SU(5/1 


) 


SU(5) ®U(1) 


SUe(3)®SU^(2)®Uy(l) 


gnd > 


(1 0, 


-1) 


(1 0)_i 


(1 0)(0)v3 

(0 0)(l)_l/2 


1 1st > 


(10 1, 


-1) 


(10 1)0 


(1 0)(l)5/6 

(1 l)(0)o 

(0 0)(2)o 
(0 0)(0)o 

(0 l)(l)-5/6 




(0 0, 


0) 


(0 0)0 


(0 0)(0)o 


1 2nd > 


(0 1, 


0) 


(0 1)1 


(0 0)(l)i/2 
(0 l)(0)-l/3 



Indeed, the first fioor of Eq. (17) contains the adjoint rep (1 1) = 24 of SU(5) 
which represents the gauge bosons. 



4 SU(5/3) Unification 

SU(5/3) has fifteen positive/negative odd roots such that an typical irrep of the su- 
peralgebra has sixteen floors. The lowest dimensional typical irrep of SU(5/3) is 
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(0 0, as, 0) = (2^-^ © 2^'*) with as ^ -4, ~3, -2, -1, 0, 1, 2. 

Since the SU(5/3) superalgebra has SU(5/1)(8>SU(2) as a subalgcbra, one may ex- 
pect to find one irrep of SU(5/3) which can accommodate three generations of funda- 
mental particles. In particular we will concentrate on the SU(5/1)(X>SU(2) branching 
from SU(5/3) because both the irreps (0 0, 1) and (0 1, 0) of SU(5/1) super- 
algebra can fit [5* -I- 10] reps of SU(5) GUT separately. As a natural extension of Eq. 
(16), we note on an atypical irrep (0 0, 1, 0) = (136b ® 136f) of SU(5/3) which 
has the explicit weight system as follows 



1 gnd > 


(0 0, 


1, 


0) 


1 1st > 


(0 1, 


1, 


10) 


1 2nd > 


(0 10, 


2, 


2 0) 


1 3rd > 


(0 10 0, 


3, 


3 0) 


1 4th > 


(1 0, 


4, 


4 0) 


1 5th > 


(0 0, 


5, 


5 0) 



(18) 



The branching rule SU(5/3)^SU(5/1)®SU(2) of Eq. (18) is given by 

(0 0,1,0 0) ^ (0 0, 1)(0) © (0 1, 0)(1) © (0 1 0, 0)(2) , , 

©(0 1 0, 0)(3) © (1 0, 0)(4) © (0 0, 0)(5). ^ ' 

Note that the irrep (0 0, 1, 0) contain one typical irrep (0 0, 1)(0) and one 
atypical irrep (0 1, 0)(1) at SU(5/1)®SU(2) stage. If we break the SU(2) fiavor 
part, then it can be easily shown that the irrep (0 0, 1, 0) contains three copies 
of (5* ® 10) reps of SU(5) GUT. 

On the other hand, the branching rule SU(5/3)^SU(5/1)(8)SU(2) for the adjoint 
rep (1 0, 0, 1) is given by 



(1 0, -1)(0)©(1 0, 0)(1)©(0 0, -1)(1)©(0 0, 0)(2)©(0 0, 0)(0). (20) 
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Similar to the SU(5/1) case in Eq. (17), the first floor of (1 0, -1)(0) in Eq. (20) 
also contains the adjoint rep (1 1) = 24 of SU(5). 

5 Conclusion 

In this paper we have studied a group theoretical framework for unified model building 
including three generations of fundamental particles in SU(5/3). Elementary particles 
is not our field of specialization, so we leave it to the specialists to consider this repre- 
sentation theoretic picture as a basis for real models. It is only after such considerations 
that the proposed SU(5/3) superalgcbra, which has SU(5/1)(8>SU(2) substructure, can 
be regarded as an interesting part of physics, or whether it is just a mathematical 
coincidence. In fact the SU(5/3) superalgebra could describe supersymmctric SU(5/1) 
unification, which includes the well-known SU(5) model [3], while the SU(2) fiavor part 
accommodates all known three generations. 

In conclusion, we have studied the lowest dimensional typical irrep and its atyp- 
ical irreps of SU(5/3) superalgebra as a possible unified gauge theory that has a 
natural SU(5/1)(8)SU(2) subalgebra structure. As a result, we have explicitly shown 
that all known three generations of fundamental particles could be in just one irrep 
(0 0, 1, 0) of SU(5/3). 
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